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Strip Mining

» Adjusts the granularity of an operation
* Break loops into pieces
* Usually for vectorization

* Vector registers have finite length

for (i

a[i] =

b[i] + 3;

K = ceil (N/4)
for (J = 0; J < N; j += K) {
for (i = j; i < MIN(j + K, N); i++) {
a[i] = b[i] + 3;

}
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Tiling (Blocking) for Matrix Multiply

«  While using one row of a, the algorithm accesses all the elements of b, column by column

* Elements of a column are stored among N different cache lines

2
¢ The number of cache misses (when the cache cannot hold even one column): % + N3

N2 . )
© - for a (m: number of elements in a cache line)

e N3forb

for (1 = 0; i < N; i++)
for (j = 0; j < N; j++)
for (k = 0; k < N; k++)
c[i][j] += a[i][k] * b[k][]j];

a b C
=T = mlnmim
ninE M
niEE mnlnnim
]| ILf

THUNDER Research Group “;}fﬁ_f“’;lo‘
Seoul National University -~ ¢4 E%, Lecture 22 - Optimizations for Caches 3
SV

Hgofstn 1 A7y

<&



Samsung DS
System Architect/Expert
2022

Tiling for Matrix Multiply (cont’d) o
« If the cache is big enough to hold N cache lines, and no other uses of
the cache force some of these lines to be evicted, then there will not

be another cache misses reading b from j = 0 until j = m

for (i = 0; 1 < N; i++)
for (j = 0; j < N; J++)
for (k = 0; k < N; k++)
c[i] [J] += a[i][k] * b[k][]j]:

a b c
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Tiling for Matrix Multiply (cont’d)

o All of 3, b, or c cannot fit in the cache
¢ Choose the block size B (the number of elements in a row of B) such
that it is possible to fit one block from each of the matrices in the

cache

* To improve spatial and temporal locality

for (kk = 0; kk < N; kk += B)
for (1 = 0; i < N; i++)
for (jJ = 0; j < N; j++)
for (k = kk; k < MIN(kk+B, N); k++)
c[i]l[J] += alill[k] * b[k][]];
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Tiling for Matrix Multiply (cont’d)
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for (kk =
for (i =

’

0; kk < N; kk += B)
0; i < N; i++)

for (J =0
for (k =

J < N;

j+4)
kk; k < MIN(kk+B, N);

k++)

c[i][J] += al[i][k] * b[k]I[]];
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Tiling for Matrix Multiply (cont’d)
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for (kk =
for (i =

4

0; kk < N; kk += B)
0; 1 < N; i++)

for (J =0
for (k =

J < N;

j++)
kk; k < MIN(kk+B, N);

k++)

c[i][J] += ali][k] * b[k]I[3J];
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Tiling for Matrix Multiply (cont’d)

Q

&

for (kk = 0; kk < N; kk += B)

for (i = 0; i < N; i++)

for (j =

for (k =

0; jJ < N; j++)
kk; k < MIN(kk+B, N); k++)

c[i][J] += ali][k] * b[k][]];
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Tiling for Matrix Multiply (cont’d)

for (kk = 0; kk < N; kk += B)

for (i

0; 1
for (j

< N; i++)
0; j < N; J++)

for (k = kk; k < MIN(kk+B, N); k++)
c[i] [J] += al[i]l[k] * b[k]I[3]]~
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Tiling for Matrix Multiply (cont’d)

Q

&

= OVONO-UNLEWN—O

THUNDER Resear

for (kk = 0; kk < N; kk += B)
for (i

for (3

0; i < N; i++)

0; jJ < N; j++)

for (k = kk; k < MIN(kk+B, N); k++)
c[i] [J] += al[i]l[k] * b[k]I[3]]~
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Tiling for Matrix Multiply (cont’d)

for (kk = 0; kk < N; kk += B)
for (1 = 0; i < N; i++)
for (j = 0; j < N; j++)
for (k = kk; k < MIN(kk+B, N); k++)
c[i][j] += alil[k] * b[k][3]]:
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Tiling for Matrix Multiply (cont’d)

for (jj = 0; jj < N; jj += B)
for (kk = 0; kk < N; kk += B)
for (1 = 0; i < N; i++)
for (J = jj; j < MIN(Jjj+B, N); j++)
for (k = kk; k < MIN(kk+B, N); k++)
c[i] [J] += a[i][k] * b[k][]j]:
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Tiling for Matrix Multiply (cont’d)

for (jj = 0; jj < N; jj += B)
for (kk = 0; kk < N; kk += B)
for (1 = 0; i < N; i++)
for (J = jj; j < MIN(Jjj+B, N); j++)
for (k = kk; k < MIN(kk+B, N); k++)
c[i] [J] += a[i][k] * b[k][]j]:
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Tiling for Matrix Multiply (cont’d)

for (jj = 0; jj < N; jj += B)
for (kk = 0; kk < N; kk += B)
for (1 = 0; i < N; i++)
for (J = jj; j < MIN(Jjj+B, N); j++)
for (k = kk; k < MIN(kk+B, N); k++)
c[i] [J] += a[i][k] * b[k][]j]:
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Tiling for Matrix Multiply (cont’d)

for (3]

= 0; jj < N; jj += B)

for (kk = 0; kk < N; kk += B)

for (i =

for (3 =

0; i < N; i++)
Jj; J < MIN(jj+B, N); j++)

for (k = kk; k < MIN(kk+B, N); k++)
c[i][jJ] += a[i]l [k] * b[k]I[]j]’
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Tiling for Matrix Multiply (cont’d)
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THUNDER Resear

for (3]

0; jjJ < N; jj += B)

for (kk = 0; kk < N; kk += B)
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j3; j < MIN(33+B, N); j++)

(k = kk; k < MIN(kk+B, N); k++)
c[i][jJ] += a[i]l [k] * b[k]I[]j]’
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Tiling for Matrix Multiply (cont’d)

for (jj = 0; jj < N; jj += B)
for (kk = 0; kk < N; kk += B)
for (1 = 0; i < N; i++)
for (J = jj; j < MIN(Jjj+B, N); j++)
for (k = kk; k < MIN(kk+B, N); k++)
c[i] [J] += a[i][k] * b[k][]j]:
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Tiling for Matrix Multiply (cont’d)

for (jj = 0; jj < N; jj += B)
for (kk = 0; kk < N; kk += B)
for (1 = 0; i < N; i++)
for (j = jj; jJ < MIN(jj+B, N); j++)

for (k = kk; k < MIN(kk+B, N); k++)
c[i][jJ] += a[i]l [k] * b[k]I[]j]’
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Tiling for Matrix Multiply (cont’d)

for (ii = 0; ii < N; ii += B)
for (jj = 0; jj < N; jj += B)
for (kk = 0; kk < N; kk += B)
for (i = ii; i < MIN(ii+B, N); i++)
for (J = jj; jJ < MIN(jj+B, N); j++)
for (k = kk; k < MIN(kk+B, N); k++)
c[i] [J] += a[il[k] * b[k][]J];
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Tiling for Matrix Multiply (cont’d)

for (ii = 0; ii < N; ii += B)
for (jj = 0; jj < N; jj += B)
for (kk = 0; kk < N; kk += B)
for (i = ii; i < MIN(ii+B, N); i++)
for (j = jj; j < MIN(jj+B, N); j++)
for (k = kk; k < MIN(kk+B, N); k++)
c[i][j] += a[i]l[k] * b[k]I[]j];
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Tiling for Matrix Multiply (cont’d)

for (ii =
for (jj =

O; ii < N; ii += B)
0; jjJ < N; jj += B)

for (kk = 0; kk < N; kk += B)

for (i =
for (3 =

q 012345678901

= OVONO-NLEWN—O

ii; i < MIN(ii+B, N); i++)

Jj; J < MIN(jj+B, N); J++)
for (k = kk; k < MIN(kk+B, N); k++)
c[i][jJ] += a[i]l [k] * b[k]I[]j]’
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Tiling for Matrix Multiply (cont’d)

for (ii = 0; ii < N; ii += B)
for (jj = 0; jj < N; jj += B)
for (kk = 0; kk < N; kk += B)
for (i = ii; i < MIN(ii+B, N); i++)
for (j = jj; j < MIN(jj+B, N); j++)
for (k = kk; k < MIN(kk+B, N); k++)
c[i][j] += a[i]l[k] * b[k]I[]j];
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Tiling for Matrix Multiply (cont’d)

for (ii
for (3j
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for (i
for (3

012345678901>

A\

University Y
Metetn 1 Ay bl

ii; i < MIN(ii+B, N); i++)

Jj; J < MIN(jj+B, N); J++)
for (k = kk; k < MIN(kk+B, N); k++)
c[i][jJ] += a[i]l [k] * b[k]I[]j]’
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Tiling for Matrix Multiply (cont’d)

for (ii
for (3]

Q

&

= OVONO-NLEWN—O

THUNDER Research Group Q£33
N &3 /4 \\'é

Seoul National

O; ii < N; ii += B)
0; jjJ < N; jj += B)
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c[i] []]
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Tiling for Matrix Multiply (cont’d)

for (ii
for (3]
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jj; j < MIN(3j+B, N); J++)
for (k = kk; k < MIN(kk+B, N); k++)
+= a[i] [k] * b[k][]]’
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Tiling for Matrix Multiply (cont’d)

for (ii = 0; ii < N; ii += B)
for (jj = 0; jj < N; jj += B)
for (kk = 0; kk < N; kk += B)
for (i = ii; i < MIN(ii+B, N); i++)
for (j = jj; j < MIN(jj+B, N); j++)
for (k = kk; k < MIN(kk+B, N); k++)
c[i][j] += a[i]l[k] * b[k]I[]j]l;

a 012345678901 b 012345678901 j
000000000. 0000000000000’
1|00 e0eee 1|00 0000000ee
200000000 2|o0o00 00000000
CELE XN NN NN KELE N KR NN NN N N N
JA|eeeeceeecceoe JA|leeoeeececcceoe
RELE X N N NN N N NN N CELE N KR NN N N N N N
b|ooeeveeceeeoe b|oeeeeeeeeseoe
FRALERE N NN NN NN NN rALE N E R NN NN NN N
AL E N NN NN N NN N N Bleeoee Sjeceoe
Qleceeesccccccee Qleecee olecee
ELE N NN NN N NN N N Ojleeee eleceoe

i 1|00 000000 ee k1 X NN olecee

-
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Tiling for Matrix Multiply (cont’d)

for (ii = 0; ii < N; ii += B)
for (jj = 0; jj < N; jj += B)
for (kk = 0; kk < N; kk += B)
for (i = ii; i < MIN(ii+B, N); i++)
for (j = jj; j < MIN(jj+B, N); j++)
for (k = kk; k < MIN(kk+B, N); k++)
c[i][j] += a[i]l[k] * b[k]I[]j]l;

a 012345678901 b 012345678901
()oooooooooooo> 0 oooooooo’J
1|00 e0eeeeccee 1‘000000000000
PALE RN N NN N NN N N pl ENEILN NN NN NN
CELE XX ERE R NN N NN KB LK X IR N RN NN N
4  EE N NN NN J|leoeeececcceoe
5 R RN NN NN CELE N KR NN N N N N N
6  E XN NN NN b|oeeeeeeeeseoe
7 R NN NN NN rALE N E R NN NN NN N
AL E N NN NN N NN N N SEALE N E RN NN N NN N N
Qleceeesccccccee Qleceeececccocee
ELE N NN NN N NN N N ILE N EN NN N NN N N

i 1|00 000000 ee k1 NN N NN NN NN NN

-
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Tiling for Matrix Multiply (cont’d)

« Sub-blocks (Aij) can be treated just like scalars

A1 A1 X Bi1 Biz2 _ Ci1 Cy2

A21 A Bo1 By Co1 Cox

Ci11 = A11B11 + A12Boy Ci2 = A11B12 + A12B2
Co1 A21B11 + Ax2Bog Co2 = A21B12 + A2Bo

for (ii = 0; ii < N; ii += B)
for (jj = 0; jj < N; jj += B)
for (kk = 0; kk < N; kk += B)
for (i = ii; i < MIN(ii+B, N); i++)
for (j = jj; j < MIN(jj+B, N); j++)
for (k = kk; k < MIN(kk+B, N); k++)
c[i][j] += al[i]l[k] * b[k][]j];
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~ Tiling for Matrix Multiply (cont'd)

. . 2N3
e Total number of misses is o

: N? :
 To bring a block of a or b to the cache takes — cache misses

3
* The number of times we bring a pair of blocks to the cache is 1;’—3

2B? : :
-~ cache misses per pair

N
® —+N3VS.B—

S
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